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A B S T R A C T

The effects of linear chirp (LC), quadratic chirp (QC), and the combined linear and quadratic chirps (L-QC) on the 
spatio-temporal and spectral properties of femtosecond pulses propagation taking into account the diffraction, 
group-velocity dispersion and self-focusing effects are studied. We conduct a detailed analysis of the distinct roles 
played by LC and QC components in L-QC pulse. The results indicate that, compared with LC pulse, the incor
poration of QC in L-QC pulse aids in achieving further compression of both the pulse duration and beam width, 
while also enabling the adjustment of the latency time of peak intensity. On the other hand, compared with QC 
pulse, the inclusion of the LC component in the L-QC pulse facilitates easier adjustment of the spectral width, 
enabling it to be broadened or narrowed. The results demonstrate that the L-QC pulse exhibits greater adjust
ability, allowing for modulation of the intensity and spectral distributions of the pulse by adjusting respective 
contributions and parameters of the LC and QC.

1. Introduction

Femtosecond lasers have found widespread applications across 
various fields, including material processing [1,2], biomedicine [3,4], 
remote sensing [5,6], and optical solitons [7–19], among others. A 
thorough understanding of the propagation characteristics of femto
second laser pulses is essential for optimizing their applications. For 
instance, femtosecond laser filamentation in air has been utilized for 
pollutant detection [20,21] and lightning control [22,23], wherein 
controlling the spatial and spectral distributions of the laser is crucial for 
its long-distance propagation. Moreover, in the realm of laser 
micro-nano processing, the spatial and temporal characteristics of the 
focused femtosecond laser significantly influence machining accuracy 
and efficiency [24]. Generally, the propagation of intense femtosecond 
laser pulses in media is governed by both linear and nonlinear optical 
effects, including diffraction, group velocity dispersion (GVD), 
self-focusing (SF), and self-phase modulation (SPM) effects. These ef
fects can affect modify the pulse’s spectral distribution by introducing 
new frequency components and may lead to pulse splitting [25,26].

The propagation of chirped pulses has been a subject of significant 
theoretical and practical interest for an extended period. The chirp plays 
an important role in optical pulse compressors [27], optical soliton 

communications [28], extension of the supercontinuum [29,30], and 
extension of filamentation length [31,32], while chirp with different 
forms, i.e., linear chirp and kinds of nonlinear chirps, could affect the 
propagation properties of femtosecond pulses. In previous reports, the 
influence of linear chirp on the pulse propagation has been widely 
studied [33,34]. It has been demonstrated that, pulses with a negative 
linear chirp have been shown to achieve a smaller beam spot, a com
pressed pulse width, and a narrower spectral width compared with those 
with positive chirp in normally dispersive media [35–41]. Additionally, 
the chirp can influence pulse focusing, where the number and location of 
foci can be controlled by changing the chirp value [42].

In addition to linear chirp, various forms of nonlinear chirp, 
including quadratic, Gaussian, exponential, and sinusoidal chirps [43] 
are inevitably introduced as the intense laser pulse propagates through 
nonlinear materials [25,44] and could also be generated by the 
acousto-optic dispersion delay line (AODDL) [45], thereby influencing 
pulse’s propagation properties. Before, the diverse effects of 
time-dependent nonlinear chirps on the pulse propagation properties 
have been elucidated through the derivation of analytical linear prop
agation formulas [43]. On the other hand, in the event that the nonlinear 
effects of medium are taken into account, for example, in the presence of 
the cubic nonlinear Kerr effect, detailed studies have been conducted on 
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the effects of higher order frequency-dependent nonlinear chirp on the 
intensity and spectral distributions of pulses [46]. Additionally, the in
fluences of Kerr effect on the spectrum of nonlinear chirped pulse also 
have been reported [47]. Furthermore, there exists a novel class of 
self-similar solitary waves characterized by a nonlinear chirp which are 
generated by higher-order nonlinear effect [48–50]. However, in actual 
applications and experiments, the chirp is often not monotonically linear 
or nonlinear; rather, it is a complex chirp that contains both linear and 
nonlinear components under strong nonlinearity. Although a study has 
been conducted to explore the spectral distribution properties of com
plex chirped pulses containing quadratic and cubic [51], the combined 
effect along with a potential linear component was not discussed. 
Therefore, a more in-depth discussion is needed to clarify the individual 
and combined influences of linear and nonlinear components on the 
propagation effects of femtosecond laser pulses.

In this study, we numerically investigate the spatio-temporal and 
spectral properties of the linear chirp (LC), quadratic chirp (QC), and the 
combined linear and quadratic chirps (L-QC) pulses under the collective 
influence of the diffraction, GVD, SF, and SPM effects. Moreover, the 
temporal phases and chirps of the three chirped pulses are shown to 
reveal the mechanisms of temporal distribution changes. And we clarify 
the role of linear and nonlinear components in the complex chirps by 
comparing the intensity and spectrum of l-QC with LC and QC pulses. In 
this paper we focus on QC in complex chirp and cubic nonlinear Kerr 
effects in medium, without considering higher order chirp or nonlinear 

effects. Despite this limitation, our study could contribute to the 
fundamental research on the nonlinear transmission characteristics of 
the high-power chirped pulses, and provides valuable theoretical in
sights for powerful laser experiments and applications.

2. Theoretical model

The evolution of the complex amplitude E(r, t, z) of a chirped pulse 
propagating along the z-axis in a nonlinear dispersive medium is gov
erned by the nonlinear Schrödinger (NLS) equation. Under the standard 
paraxial approximation (i.e., r2≪z2) and the slowly varying envelope (i. 
e., |∂2E/∂z2|≪|k∂E/∂z|), the NLS equation is expressed as [29]: 

2ik
∂E
∂z

+∇2
⊥E − kβ2

∂2E
∂t2 + 2k2n2

n0
|E|2E = 0, (1) 

where the second and third terms account for the linear diffraction and 
the GVD effects, respectively, while the fourth term represents both the 
nonlinear SF (for n2>0) and SPM effects. ∇2

⊥ = ∂2 /∂r2 + (1 /r)∂ /∂r is the 
Laplace operator, β2 is the GVD parameter (β2>0 and β2<0 corre
sponding to normal and anomalous GVD, respectively), n2 and n0 are the 
nonlinear and linear refractive indices, respectively, and k is the wave 
number related to the wavelength λ by k = 2πn0/λ.

Initial field of the chirped pulse is expressed as follows [25]: 
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where P is the peak beam power, w0 is the initial beam width, t0 is the 
initial pulse width, and ϕ0(t) is the initial chirp phase. The initial linear 
chirp (LC), quadratic chirp (QC), and linear-quadratic chirp (L-QC) 
phase are expressed as follows [43]: 

ϕL(t) = S1t2/t2
0 ,

ϕQ(t) = S2t3/t3
0 ,

ϕL− Q(t) = S3t2/t2
0 + S4t3/t3

0 .

(3) 

Fig. 1. The schematic diagram of the split-step method, LE: linear effects, NE: 
nonlinear effects.

Fig. 2. Temporal phase ϕ distributions of (a) LC, (b) QC, and (c) l-QC pulses at the center of z1 and z2 faces; dotted curve: z1 face, solid curve: z2 face, S4 = 2.
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The Eq. (1) could be solved numerically via the split-step method 
[52], the fundamental concept of which is illustrated in Fig. 1. The pulse 
is transmitted from z to z+Δz, the linear effects (LE) and nonlinear ef
fects (NE) on the beam within the Δz distance will be calculated sepa
rately. The phase modulation resulting from the nonlinear effects is 
incorporated into the E(z+Δz/2) field, and the Crank–Nicholson method 
[52] is employed for linear transmission calculations both prior to and 
following the E(z+Δz/2) field over a transmission distance of Δz/2. This 
numerical calculation enables the generation of field data at trans
mission position z, encompassing temporal, lateral spatial and spectral 
dimensions. And it should be noted that the smaller the value of Δz, the 
more accurate the resulting calculation.

For the calculations, the parameters of the initial pulse are w0=70 
μm, t0=90 fs, λ=800 nm, and P = 5 Pcr unless otherwise stated, Pcr=λ2/ 
(2πn0n2)≈2.2 × 106 W is the SF critical power of the pulse in fused silica 
[53], which is used as the normalization factor for the peak beam power. 
The collapse distance of unchirped pulses is for P = 5 Pcr [54]. The pa
rameters of fused silica as the nonlinear dispersive medium are 
n0=1.453, n2=3.2 × 10− 20 m2/W, β2=3.61×10− 26 s2/m [53], and 
propagation distance z = 6 mm.

3. Effect of initial chirp on temporal phase and chirp

The temporal phases ϕ of LC, QC, and l-QC pulses at the center of 
z1=0 mm and z2=6 mm are shown in Figs. 2(a), 2(b), and 2(c), 
respectively. In these figures, dashed lines represent the phases at z1, 
while solid lines correspond to z2, with all figures in this section 
adhering to this convention. The phase shift Δϕ=ϕ(z2)− ϕ(z1) of these 
chirped pulses illustrated in Fig. 2 is caused by the SPM and GVD effects 
in medium, which is proportional to the intensity |E(t)|2. Thus the 
maximum phase shift (Δϕ)max of LC pulse occurs at t = 0, while shift 
from t = 0 for QC and l-QC pulses due to temporal asymmetric intensity 
(as illustrated in Figs. 5 and 8). Notably, the initial chirps with different 
types and values influence the (Δϕ)max in significantly different ways. As 
shown in Figs. 2(a1) and 2(c1), the positive LC parameters (S1 and S3) 
are larger, the pulse stretching is faster, the SPM effect is weaker, and the 
(Δϕ)max are smaller. While as the value of the negative LC parameters (| 
S1| and |S3|) increases in Figs. 2(a2) and 2(c2), the pulse compression is 

faster, the SPM effect is enhanced, and the (Δϕ)max are larger. Moreover, 
Figs. 2(b1) and 2(b2) indicate that the (Δϕ)max of the QC pulses for 
positive and negative chirp parameters are equal as the absolute value of 
chirp parameters is same, due to the values of peak intensity (|E(t)|2)max 
are equal as S2(S2>0)=|S2|(S2<0) (as illustrated in Fig. 5).

Differentiating phase ϕ(r, t, z) with respect to t, we obtain the chirp of 
pulse in propagation [25]: 

Δω(r, t, z) = − ∂ϕ(r, t, z) / ∂t. (4) 

The difference from the center frequency indicates that the pulse 
with a low frequency at the front and high frequency at the back is called 
positive chirp pulse, while the reverse scenario signifies a negative 
chirp.

The chirps Δω of LC, QC, and l-QC pulses at the center of z1 and z2 are 
depicted in Figs. 3(a), 3(b), and 3(c), respectively. The initial nonlinear 
chirp distributions reveal that a sequence from negative to positive chirp 
occurs in the pulse as the QC parameters S2>0 (as shown in Fig. 3(b1)) 
and S4>0 (as shown in Figs. 3(c1) and 3(c2)), with the reverse sequence 
occurring when S2<0 (as illustrated in Figs. 3(b2)) and S4<0 (graphics 
omitted here to save space). And the LC parameter S3 in l-QC pulses can 
modulate the duration and magnitude of the initial positive and negative 
chirps (as shown in Fig. 3(c)). Moreover, the output chirps are nonlinear 
due to the SPM effect during propagation, with positive chirps always 
present within the pulse center range (the results are in agreement with 
those in reference [25], which studied the chirp distribution of the lin
early chirped pulse in propagation with the Kerr effect), i.e., the initial 
negative chirps change to output positive chirps, which is the reason 
why the output spectra with initial negative chirps are narrower than 
that with initial positive chirps (as illustrated in Fig. 10). Additionally, 
the output positive chirp duration significantly responds to the chirp 
parameters, which increases as QC and positive LC parameters increase 
with the stronger positive chirp effect (as illustrated in Figs. 3(a1), 3(b) 
and 3(c1)), and decreases as negative LC parameter value increases with 
the stronger negative chirp effect (as illustrated in Figs. 3(a2) and 3(c2)).

Fig. 3. Chirps Δω of (a) LC, (b) QC, and (c) l-QC pulses at the center of z1 and z2 faces; dotted curve: z1 face, solid curve: z2 face, S4 = 2.
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4. Effect of initial chirp on intensity distributions

4.1. Effect of individual initial LC and QC

The initial intensity and its contour distributions for both unchirped 
and chirped pulses, as a reference, is shown in Fig. 4(A). For the LC 
pulses, the intensity distributions at the z2 face, and the changes of the 

peak intensities Imax versus the propagation distance z are presented in 
Figs. 4(a–b) and 4(c), respectively. The results indicate that with posi
tive chirp (S1>0), as S1 increases, the pulse width during propagation is 
broadened by the GVD effect, leading to a weaker spatial SF effect under 
smaller intensity and an increase in beam width. Similarly, the pulse 
width increases and intensity decreases as S1 increases in linear propa
gation [35–41]. Conversely, the scenario is reversed when S1<0.

Fig. 4. (A) Initial intensity of both unchirped and chirped pulses. For LC pulses, (a) intensity and its contour distributions at the z2 face; (b) on-axis intensity 
distributions at the z2 face; (c) the peak intensities Imax versus the propagation distance z.

Fig. 5. For QC pulses, (a) and (b) on-axis intensity distributions at the z2 face; (c) the peak intensities Imax versus the propagation distance z.
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The on-axis intensity distributions of the QC pulse at the z2 face are 
illustrated in Figs. 5(a) and 5(b). For S2>0, as shown in Fig. 5(a), the 
peak intensity of the pulse occurs earlier than at the t = 0 moment. This 
phenomenon results from the negative chirp at the pulse’s front edge 
causing compression, while the positive chirp at the trailing edge leads 
to broadening. Conversely, for S2<0, as depicted in Fig. 5(b), the situ
ation is reversed. It is worth mentioning that the time shift of the peak 
intensity of the QC pulse also occurs in linear transmission [43]. 
Notably, an increase in |S2| enhances the peak intensity, attributed to 
the larger value of the negative chirp component in QC and more pulse 
compression. Additionally, the changes of the peak intensities Imax of the 
QC pulse versus the propagation distance z are shown in Fig. 5(c), 
showing that the positive and negative QCs with the same absolute value 
enhance the peak intensity by the same amount during propagation. 
Specifically, as the power increases, the effect of the QC on enhancing 
the peak intensity becomes stronger, this conclusion is obtained by 

comparing Figs. 5(a1) with 5(a2), Figs. 5(b1) with 5(b2), and Figs. 5(c1) 
with 5(c2) with the same coordinate dimensions.

Furthermore, the intensity and its contour distributions of the QC 
pulses at the z2 face for P = 5 Pcr and P = 5.5 Pcr (with LSF=13.2 mm) are 
presented in Figs. 6(a) and 6(b), respectively. These figures reveal that 
the temporal intensity distributions shift forward for S2>0, while the 
spatial intensity distributions remain symmetric about r = 0, due to the 
spatial diffraction and SF effect are always symmetrical. For S2<0, the 
temporal shift is reversed which is predictable and omitted here.

4.2. Effect of initial l-QC

The intensity and contour distributions of the l-QC pulses at the z2 
face for different LC parameters S3, with the QC parameter set to S4=2, 
are depicted in Fig. 7. These figures demonstrate that for S3>0, as S3 
increases, the temporal pulse spreading increases and the spatial SF 

Fig. 6. Intensity and its contour distributions of QC pulses at the z2 face; (a) P = 5 Pcr, (b) P = 5.5 Pcr.

Fig. 7. Intensity and its contour distributions of l-QC pulses at the z2 face, S4=2.
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Fig. 8. For l-QC pulses, (a) and (b) on-axis intensity distributions of l-QC pulse at the z2 face; (c) the peak intensities Imax versus the propagation distance z, S4=2.

Fig. 9. The changes of the full pulse width (a) TFWHM and (b) TRMS, (c) the mean-squared beam width w, and (d) the peak intensities Imax of LC and l-QC pulses versus 
the propagation distance z; solid lines: S1=S3=− 1, dashed lines: S1=S3=1, S4=3, P = 5.5 Pcr.

Fig. 10. Spectrum and its contour distributions of LC pulses, at (A) z1 face and (a) z2 face.
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effect weakens, resulting in a more diffuse intensity distribution and a 
lower peak intensity. Conversely, as |S3| increases with S3<0, the tem
poral pulse compression increases and the spatial SF effect strengthens, 
leading to a more compact intensity distribution and a higher peak in
tensity. Additionally, the effects of LC parameters on intensity distri
butions in both LC and l-QC pulses are observed to be similar.

The on-axis intensity distributions depicted in Fig. 7 (i.e., at r = 0) 
are further illustrated in Figs. 8(a) and 8(b). The QC in the l-QC pulse 
influences the latency time of the pulse’s peak intensity. The peak in
tensity occurs earlier than the t = 0 moment when S4>0 (S4=2), while it 
is delayed when S4<0, a behavior that is independent of the LC 
parameter S3. Furthermore, the effects of QC parameters on the latency 
time of peak intensity are consistent between QC and l-QC pulses. 
Additionally, the changes of the peak intensities Imax of the l-QC pulses 
versus the propagation distance z are shown in Fig. 8(c). The figure 
shows that the Imax of the l-QC pulses with negative LC are always 
greater than those with positive LC and only QC during the entire 
propagation, due to the pulse compression and stronger SF effect caused 
by the negative chirp.

The changes of the full pulse width TFWHM and TRMS at r = 0, the 
mean-squared beam width w at temporal maximum intensity, and the 
peak intensities Imax of LC and l-QC pulses versus the propagation dis
tance z are shown in Fig. 9. The TFWHM and TRMS are defined by the full 
width at half maximum (FWHM) and the root-mean-square (RMS) [55], 
respectively. The solid lines and dashed lines represent the negative 
(S1=S3=− 1) and positive (S1=S3=1) LC parameters of LC and l-QC 
pulses, respectively, and the QC parameter of l-QC pulses set to S4=3. 
These figures demonstrate that, for both the positive and negative LC 
pulses, the introduced QC could further compress the pulse’s 
spatio-temporal distributions, i.e., decrease the pulse width and beam 
width of the pulse, and increase the peak intensities.

5. Effect of initial chirp on spectrum distributions

5.1. Effect of initial LC

The spectrum and its contour distributions of the LC pulses at the z1 
and z2 faces are illustrated in Figs. 10(A) and 10(a), respectively. For 
S1>0, the SPM effect in the medium causes the spectral broadening 
during propagation. As S1 increases, the SPM effect weakens, the spec
tral broadening decreases (as indicated by the distance between the red 
and black auxiliary lines in Figs. 10(a1–a4)), but the output spectral 
width increases owing to the wider initial spectrum. For S1<0, the 
spectral chirp induced by the SPM effect is opposite to the initial chirp 
within the pulse center range with majority of pulse energy (as shown in 
Fig. 3(a2)), thus the output spectral width with S1<0 is narrower than 
that with S1>0. Additionally, the narrower spatial width of the spectra 
in Figs. 10(a5-a7), comparing to that in Figs. 10(a2-a4), demonstrates 
that the SF effect is stronger when S1<0. Moreover, the multiple peaks in 
output spectra result from the interference of beams with the same 
frequency and different phases which is caused by the SPM effect in 
medium (as shown in Figs. 2 and 3). And the claim apply to the spectra 
both of linear and nonlinear chirp pulses.

5.2. Effect of initial QC

The spectrum and contour distributions of the QC pulses at the z1 and 
z2 faces for S2>0 are depicted in Figs. 11(A) and 11(a–b), respectively. 
For both initial and output spectra, the wavelengths with maximum 
intensity become smaller as |S2| increases (as indicated by the short 
dotted lines in Fig. 11), and the spectral side lobes are all in short 
wavelength direction, which echoes the frequency distributions shown 
in figure 3(b1). Moreover, the output spectral width increases as |S2| or 

Fig. 11. Spectrum and its contour distributions of QC pulses; (A) P = 5 Pcr and P = 5.5 Pcr at z1 face, (a) P = 5 Pcr at z2 face, (b) P = 5.5 Pcr at z2 face.
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the power increases with the wider initial spectrum or stronger SPM 
effect in medium (as indicated by the double arrow lines in Figs. 11(a) 
and 11(b)). Specifically, the spectrum distributions at both z1 and z2 
faces for S2>0 and S2<0, with the same value, are symmetric about the 
central wavelength of 800 nm, and the cases of S2<0 are omitted here to 
save space.

5.3. Effect of initial l-QC

The spectrum and contour distributions of the l-QC pulses at the z1 
and z2 faces for different LC parameters S3, with S4=2, are presented in 
Figs. 12(A) and 12(a), respectively. The figures reveal that the spectrum 
distributions for S3>0 and S3<0, with the same value, are identical at 
the z1 face but differ at the z2 face. The underlying reason for this is that 
the wavelength (or frequency) components of the pulse at the z1 face are 
the same, while the distribution of frequency (or chirp) with time varies. 
The spectrum distributions of the L− QC pulses at the z2 face, especially 
for S3>0, differ from those of the LC pulses (as shown in Fig. 10(a)) when 
QC is introduced. For S3>0, the output spectra exhibit multiple side 
lobes due to multiple side lobes in the initial spectra, and the SPM effect 
mainly enables the spectral broadening with positive chirp. Moreover, 
as S3 increases, both the initial and output spectra are wider. Conversely, 
for S3<0, an increase in |S3| enhances the SPM effect, and the output 
spectrum is narrower, this is due to the fact that the spectral chirp 
introduced by the SPM effect is opposite to the initial negative chirp 
within the pulse center range with majority of pulse energy (as shown in 
Fig. 3(c2)). Additionally, the LC parameter has a similar effect on 
spectrum distributions in both LC and l-QC pulses. In addition, it is 
shown that, in comparison with the spectral distributions of QC pulses in 
Fig. 11, the LC component in l-QC pulses could modulate both spectral 
broadening and narrowing, exhibiting heightened sensitivity.

6. Conclusion

In summary, our numerical investigation has focused on the propa
gation properties of LC, QC, and l-QC pulses in a nonlinear medium. We 
have demonstrated the distinct effects of these three types of chirps on 
the spatio-temporal and spectral properties of pulses, their temporal 
phase and chirp during propagation, and the nonlinear effects within the 
medium. It is shown that the LC and QC in l-QC pulse play different roles 
in modulating the intensity and spectrum of pulse. On the one hand, the 
QC of pulse causes a notable shift of the peak intensity from the t =
0 moment, which is independent of the LC, and the introduction of QC in 
conjunction with LC leads to a further compression of the pulse’s spatio- 
temporal distribution and an increase in intensity. Moreover, the effects 
of QC in both QC and l-QC pulses are enhanced as the power increases. 
On the other hand, spectral broadening and narrowing are more sensi
tive to LC than to QC. Thus we can know that the l-QC pulses are more 
operational in modulating intensity and spectral distribution of pulse. 
Furthermore, our research findings may be validated through the utili
zation of AODDL, the autocorrelation [56] and spectrometer, which will 
be the subsequent phase of our investigation. And in addition to the 
temporal chirps, the specific spatial configurations of the beams and the 
modulation of the wavefront have a profound impact on the trans
mission characteristics of the pulses, which require further 
investigation.
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S. Frey, Y.-B. André, A. Mysyrowicz, R. Sauerbrey, J.-P. Wolf, L. Wöste, White-light 
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